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Stratification of the space of the structural constants of three-dimensional Lie algebras
into the equivalence classes according to the criterion of their isomorphism over the
field of real members is performed, and this makes it possible to enumerate the local
Lie groups close (in some sense) to the Galilean and Euclidean groups and becoming
identical with them at the "limit",

This constitutes the simplest of the problems dealing with the boundedness of the set
of the Lie groups "refining” the Lie groups describing the already known physical objects,
(The description of a physical object in terms of a group is understood here to conform
to the physical treatment of the Klein's Erlangen program {1]), The theory of deforma-
tion and contraction of rings and Lie algebras which was receiving attention in the past
few years {2~ 5] is concerned with similar problems,

1, Statement of the problem, Let R denote areal Euclidean tensor space
cxt (i, jok<<n) and I' = R be one of the irreducible manifolds of the structural
constants of the Lie groups G which can be separated from R by means of the Jacobi

conditions !

CabCer -+ Coelen + CogCeb =0, Cor = — Cup (1.1)

The space of the structural constants of the groups ¢ is defined as the union of all IT'.
The local isomorphism of G is an equivalence relation ( {6], p. 18), hence it controls the
decomposition of the manifolds I into pair-wise nonintersecting sets /7. Thus, one-to-
one correspondence arises between the sets / and the nonisomorphic local Lie groups
(and their algebras),

Let A and B denote the sets of the space R. Here and in the following A4 denotes the
closure of A in the real topology for the Euclidean spaces([6], pp. 67, 68) and Ag =
= A4 (] B'is the relative closure of 4 on B, the latter regarded as a subspace of R.
Let also H’and H” be the different sets belonging either to the same manifold, or to
different manifolds ', We shall say that the local group G’ corresponding to the set H'
is adjacent to the local group G’ corresponding to the set H”, if

H N H"+A (1.2)
where A is an empty set,

Obviously, if G’ is adjacent to G”, a continuous sequence of groups G (A) locally iso-
morphic to G’ when 0 <C A < A, exists, which converges to the group G (0) locally
isomorphic to G” when A — | (.

The purpose of this paper is to obtain an algebraic description of the partitioning of
the manifolds I for three-parameter algebras and to enumerate all local groups adjacent
to each of the groups G, and to the Galilean and Euclidean groups in particular,

2, The method of solution and the result, Let AG be the algebra
of infinitesimal operators of the group G and X,,..., X, its basis,
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Three-parameter Lie groups 243

The real linear group GL (n, R) whose basis
X =alX; (=t ....n)  det(ad)5=0
is preselected from the basis of AG , consists of two connected sheets corresponding to

the motions (det (@) >0) and reflections (det (a:/) <C 0) and induces the represen-
tation T in the space. R , Transformations of the group T

Ca? - Ck,k,af ‘q,?'a\, R cx:fq,: =08, (8 — Kronecker tensor) (2.1)

conserve the relations (1,1) transformmg each of the manifolds T into itself, Transfor-
mations of the groups induced by T"and I" exhaust all the transformations conserving
the local isomorphism of the groups G . Consequently they realize the equivalence
relation according to which the decomposition of the manifolds I' is performed, From
this it follows that the sets H are orbits of 7' and of the groups induced by 7 on its inva-
riant manifolds,

et ' = I'°* DT 5 ... DT be such a finite sequence of invariant manifolds of
the group 7', that all invariant manifolds of this group containing I' are represented on
it and set the group T' be transitive on the manifold I provided that the latter cannot
be reduced to a set of isolated points., Then each orbit of 7" will either represent the
connectivity component of one of the sets

JANG RIS R ANY K AU i ANG KA & (2.2)
or it will be the union of two components of the same set, the latter case arising when
a reflection exists in the group GL (n, R) generating a homeomorphism of one of these
components into the other,

Thus, the solution of the problem formulated above requires that: (1) invariant mani-
folds of T must be found; (2) its orbits must be computed and (3) the adjacency diagram
in the sense of (1,2) must be constructed for G . When the problem is solved in this order
as shown in Sects, 3—5, we obtain the following result,

We introduce the following notation:

c' =u, €=U, cp’=w (2.3)
L= e’y 0 = cp? —esd, % = 2ufy — 8sfs + Bfy
fo = c1g* + co®, B = et — o3y, %2 = 03fi — 2wfy — 64fs

fs= 6‘121 — a3, 0, = 0121 + 0233, % = ezfj. + 0, — 2vf,

¢ = 0,0,0; + duvw + ub® — 6,2 4 wh,?
Py = 0,2 4 dvw, g, = 8,2 + duv, ;= 0, — duw
Vo= 0,05 + 208, Ps = 0,0, — 2005, Py = 6,05 + 2ub,
Q=v/f? for fi5=0 (i=1,2 3

Symbol dim H denotes the dimension of the orbit coinciding with the rank of the mat-
rix (3, 5) of the infinitesimal operators of the algebra A T associated with the group T
computed at the points belonging to this orbit and m is the ordinal number of & accord-
ing to Scheffers ( [7], see also [8], p. 167) classification,

We thus have two irreducible manifolds I'y and T, of the structural constants and two
series of groups G depending on whether the expression [, - f;* -+ f&* does, or does
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not vanish,
Groups G belonging to the finite series (f,2 4 f,2 4 f2 = 0)
G' Lobachevskii group (group of motions of the Lobachevskii plane) dim H = 6;
m=1
wp >0, @0 wp <0, % >0
G* spherical geometry group dim H = 6;

wp < 0, P, <0
G® Lorentz group (isomorphic to the group of plane wansformations, time taken as

the geometrical coordinate) dimH =5 m=2
=0, % >0 1=123); ¥®+ 4 $s*~0.
Gt Euclidean group dim H = 5;
=0, %<0 (=123, B+ bd+pi+0
G® Galilean group dim =3, m=6
¢=0 =0 W+ rA+uwk0
G® commutative group dim H =0, m =7

=0, Y; = 0, ut+ 2+ w =0

Groups G belonging to the infinite (continuous) series (f,2 -+
+ £ + /£ > 0).
Gee dimH =35, m=25

M=% =%=0 (p=0), Q=c0

¢ dim H =5 m = 4
M=t =%=0 (=0, Q=0 w++uwtss0
G® dimH =3; m =3

1=%=%=0 (p=0) Q =0, w2 uwr=0
The orbits of 7' lying on the manifold I'; correspond to the groups of the finite series
andthe orbitsof 1 lying on T, , to the groups of the infinite series. Symbol G% denotes
the group continuum: each pair of distinct real values of ¢q has a corresponding pair of
nonisomorphic groups of G, Passage to the limit ¢, — oo formally yields the Lorentz

group, For the groups of the type G , the following commutative relations are pointed
out by G, Scheffers:

(X1, Xp) =0, (X;, Xy) =X, (X5, Xg) =¢X, (c+0,1) (2.4)
which in turn yield
Q = Cp = -1_—-_6)2
° 14c¢/ .
Thus, ¢ = — 1 corresponds to the Lorentz group. The same group corresonds to both

values, ¢’ = ¢ and ¢” = 1 ] ¢, therefore all algebras defined by (2.4) are obtained
at —1 << ¢ << 1. However, in this case the constant c, assumes positive values only,
and to obtain ¢, << O one would have to set ¢ = ¥ (0 << ¢ << W).
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Figure 1 shows the adjacency diagram for the groups G . Each column contains the
groups for which the orbits H belong to the same manifold IT' and each row contains the
groups whose corresponding orbits are of the same dimension, The arrows indicate the
adjacencies, The diagram is transitive : if G' is adjacent to G” and G” to G, thenG’
is adjacent to 7/,

All groups except G* and (G2 have a solution, The
groups G, ..., G5 of the finite series describe five out
of nine Cayley~Klein geometries ( [8], p. 210). The
diagram shows that the Euclidean group is adjacent to
both, the Lobachevskii and the local spherical geometry
group, the fact established by Riemann in geometrical
terms ( [8], pp. 155, 156), Thus the geometries listed
above are the only geometries refining the plane Eucli-
dean geometry, All these groups can be realized as the
groups of motion of a two-dimensional Riemannian
space of constant curvature ( [9], p.273), The Lorentz
and Euclidean groups are directly adjacent to the Galilean group, This is another well
know fact established by Poincaré and Einstein in the course of investigation of the fun-
damental properties of the space-time, In addition the infinite series of groups G is
also adjacent to the Galilean group, Since, as we already said, the Lorentz group is for-
mally related to their number, a question arises, why out of all groups. G it is the Lorentz
group that makes the properties of the Galilean space-time more precise,

As we know from [6], (p. 396), the Lie group of transformation can be reconstructed in
terms of its structural constants only with the accuracy to within the similarity (in other
words, with the accuracy allowing the choice of a coordinate system arithmetizing the
transformed space), For this reason the knowledge of the groups adjacent to the given
group does not present us with all the possible improvements in the theory described by
this group, We follow with some examples of algebras AG for the groups G of wans-
formations,

Group (. In the polar coordinates u, v we have

Fig, 1

3 . é G (u
Xi=7-5 Xz=smvau+2afu;cosv
_ B G (u) d shcu 2
Xs=cosv g — 26 (u) sinv -, G(u)z< 3 )
The commutation relations are
(XI! Xg) = X3’ (Xl’ XS) = — Xs, (XZ: Xs) TR 52X1.

and the transformations of the group preserve the metric ( [10] p. 89)
ds? = du? 4 G (u) dv?
Group G is obtained from 6! by means of the transformation
o — io
Group G® (z is the geometrical coordinate and.¢'is time)

o 5} a . a
e =g D=ty tiE gy

The commutation relations are

Xy =
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(X1, X2} =0, (X1, X3) = p2X,, (X2 X3) = X,
and its transformations preserve the metric
ds? = — pdz? 4 d?

Group G*(rz,y are Cartesian coordinates)
a 0 a i
fi=gg,  h=gy  D=vm oYy

The commutation relations are
(X4, X2) = 0, (X11 Xg) = — X, (X3, X3) = X,
and its transformations preserve the metric
ds? = da® + dy®

( G* can also be obtained from G* by means of pransformation p — in).
Group G° (z is the geometrical coordinate and # is time)

ad I 0
A=55 Xo=7r, Xy =t

The commutation relations are

(X1, X2) = 0, (X1, Xg) = 0, (X2 Xg) = X,
and no metric preserved by its transformations exists,
G Co
roups G 5 s 3 3
K=z, Xo= 51 Xy =(t+ o) 57 +(+2) 57
The commutation relations are
(X1, Xo) = 0 (X1, X3) = X, - ¢oXs, (X2, Xg) = X, + X2

The metric preserved under the transformations of the groups, if it exists, can be found
by integrating the Killing equations ( [9], p. 251).

3, Invariants and invariant manifolds of the group 7. Letus
obtain the components ‘Cg“g of the infinitesimal operators
a5 9
Yo* = el (i <7)

5
Je i

of the algebra AT of the group 7.

Differentiating (2, 1) with respect to o we obtain
ae; ¥ oD
ij yoa ks *8 Y kigx *8 k Y v,k
—o = Can,0i 00y = Cipti Bty 4+ ot —5 0’
d:lg 0(12
D a
o 017, a5 =
€ v 3 v rav ¥ % 5 *
= g Oy B = — 00ty g = — Qg Ol
723 oa;

. . 4 . LE n
We take as Cgff the derivatives dc fj/ da. accompanying the values af = P = 8F

corresponding to the identity element of the group GL (r, R)

Loh = Sicp; 4 8jcsi— 8ges; (3.1)
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The commutation relations in.the resulting basis-of the algebra AT have the form
(Y, Yi)=88YE — 8 Vi

Using the notation (2, 3) we can write the Jacobi equations (1.1) as

=% =%=20 (3.2)
From this it follows that either
R+ fE=0 (3.3)
or fi2 -+ f,2 4+ f52 > 0, and then
2u —0, 0,
20=1| 8 —2w —0,}|=2(0,0,0; 4 duvw + ub,® +- w2 — v8,%) =0 (3.4)
0, 0, —2v

It can be shown that (3, 4) is equivalent to the Cartan condition of solvability of the
groups G.

In the variables u, v, w, f;, 0; (i = 1, 2, 3) the matrix of the infinitesimal oper-
ators of the algebra AT assumes the form

§u Co Cw C:B; coz gﬁ: Cfx C/s g I

Yi| —u v w 0, 0 0 h 0 0
Y,® 0, 0 0 0 —2v — 6 0 0 —f
Y3 —6, 0 0 0 6, —2w 0 — 1 0
Y,! — 6, 0 — 6 2u 0 —f 0 0
Y2 —v w 0 0 05 0 0 131(3.5)
Y3 0, 0 —2w 05 0 0 fs 0

Y,? 0 —8, 2 0 & 0 0 fa

0
u
0
Y,! 0 0 —o, 0, 0 —2u —f, 0
0
Y3 u v —w 0 0, 0 0 T2 0

It can easily be shown that (3, 3) and (3,2) together with (3, 4) define the invariant
manifolds of the group T'. The set of all invariant manifolds of the group induced by T
on the first manifold I'; forms the sequence

oo

The group induced by 7' on the second manifold I, is intransitive, Its ransformations
leave a continuous set of surfaces I'y¢ C I', corresponding to the invariants of T unaf-
fected, with varying real values of ¢, filling the whole manifold T',. The group 7 exists
and is locally transitive on the surfaces ', at all general points,-admitting the inva-
riant manifolds I',! and I'y2 C It at ¢, = 0.

Using the standard methods of computing the invariants and invariant manifolds ( [9],
pp. 84— 89), we obtain
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Iy=1{h =fh=17fs=0} ={h=f=1=0 ¢=0
IfP={h=h=/=0¢=0, =0} G=1..0
IP={h=fh=/f;=0¢=0%=0u=v=w=0}

Ly = {f1 = %2 = %3 = 0}y Lo ={i=%=%=0¢=0Q=c}
Pt (T at cq=0)= {1 =% =%=0, ¢ =0, Q =0} («+0
= =%=%=00=02=0u=v=uw=0)

We note that the tensorial character of the structural constants and the general theory
of algebraic invariants [11] together imply that tensor contraction and alternation may
be employed to obtain the invariants and invarfant manifolds of the group 7',

4, Orbits of the group 7. Here we shall use several simple assertions, the
first of which is obvious,

4,1°, Let the set 4 belonging to the space R be defined by the following system of
simultaneous algebraic inequalities K

QU Yy T .,xn)>0 =1 ...,m), 2 mjz(xl,...,xn)rko
=1

the left-hand sides of which are such that (a) the nonempty set B defined by the condi-
tions @; >0 (j = 4, ..., k) is connected and (b) the system of equations ¢; = 0 (i =1,
..., m) has a unique solution in the variables y,, ..., ym at any point of B. Then the set
4 (| B defined by the inequalities g; > 0, ..., §m =20, ©; >0, ..., @ > 0 is connected.

4,2°, Let C and D be sets belonging to R and considered as subspaces and let one
of the mappings

o = —op o =—of of =of of =¢b of =c of =0
grie = "23’ =cyp OF =03 ‘3:3 = —c33, clg’:' &3 013' =cp
gaiogy = €13 023' ”—‘-—‘623, Clg =) cz:f' = czg’ clg' =— 1y 613' =—c3
(with 4’ = —u, v’ = -~ p and w’ = — y in all three mappings) be a homeomorphism

of the set C on the set D. Then C and D both correspond to the same local group G.
In this case we shall speak of the sets C and D as connected by a reflection and assume
them to be not essentially different,

Proof, The commutation relations

(Yo X)=cfX, (k=1 23)
of the algebra 4G show at once that the mappings &, g2 and g; are generated by the
reflections X»' = — Xs, X3’ = — Xj, Xy’ = —X,; respectively,
4,3°, When fi* + f2* + /3 = U we have, by (2. 3), the following identities:
Geet = Ype + Wats,  eggt = Papa + Pipss Per® = Pabs T Pubs
§re = g — PaiPge v = PyPs — Yo gw = Pt — Py



Three-parameter Lie groups 249

= Pype® + PP + Pas® + 2PabsPs — PrbaPs (cont, )

Their validity can be checked by direct verification,
The orbits of T are found, one after the other, for all sets I'e-1\ I'® (see Sect, 2),
set I 1\I’ I, If the sign of the functfem . is given, then by 4, 3°, the variables
12y Custy e1g?, cogt = U, 1% = v and ¢y,® = w are expressed uniquely in terms of
; as parameters, The latter quantities are constrained here by the relation

Prpe? + PP+ Pavst + 29aPsbs — Pibadps > 0

p = — T B0 Vet 20y
Pt —Piips ba® = P1vps
By 4.1° and 4,2° each of the sets given below consists of two connected parts joined
by a reflection

Let us denote

e+0, P2 —yPp;>0, (hence P, > p) (4.1)
e=F0, P2 —PpPs; <0, p, >0 (hence Pg=> 0, P, < p) (4.2)
=0, P2 —PP;<<0, P, <0 (hence Py <0, P, < p) (4.3)

when apg — P Ps << 0 and P, > O the function ¢ taken as a homogeneous quadratic
form in v, and v, is positive definite, Since ¢ —> oo when Y — P;p3—> —0
(otherwise @ — 0), p — oco. Since Py << D, a continuous passage exists from the

set (4, 2) to either of the two connected parts of the set

e=+0, P2 —yYPs=0, >0 (4.4)
On the other hand, when ¥ — {3 > 0, the form g has an altemating sign and the
variables can be chosen in such a manner that ¢ > ( without violating the remaining
conditions, Then p = — oo as P,* — P, Py~ 0 and the fact that Y, => p implies
that a continuous passage from the set (4.1) to the set (4, 4) is possible,

Thus the union M, of the sets (4, 1), (4.2) and (4. 4) belongs to the same orbit, We

can define this orbit, in accordance with 4, 3°, as the union of two nonintersecting sets
defined by the inequalities

Ml ={wq>>0’ (p%os w(P<O- ‘P1>'O}
Denoting by, the set defined by (4, 3) (according to 4, 3° it can also be defined by
the inequalities wp << 0 and Y, << 0) we obviously have M, |J M, = I'\I}".
We shall show that each of the sets M, and M, is an orbit of the manifold T',. For this
it is sufficient to establish that the boundary M, \ M, of the set J, cannot be reached
from within this set, Ideed, when 2 — ;3 << 0 and P, << 0, the form'q is nega-
tive definite so that p — — oo as P& — P ¥g — 0. Then the condition Y, < p
indicates a violation of the connectivity during the passage from the set M, to its closure
M,.

Set T,1 \_ T,% This set is defined by the conditions /,* + £, + f&* = 0, 9 = 0

and ;2 + P2 + Pt == 0 (if P2 + % + P52 = 0 then 4,F yield the equations
P; = 0 (i = 1, ..., 6) defining the set [';%). From 4,1° it follows that the subsets of
TN\ T} given below are connected

Ki={9=0,9,>0}, L ={9=0,9 <0, w>0
N1={¢=0’¢1<0’ w<0}
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Ka={9p=0,9,>0} L,={p=0, $,<0, v>0} (cont,)
N, ={9p=0,v%<0,v<<0}
K3={¢=Ov¢3>0}v L3={¢=O"p3<0:w>0}
Ny={p=0, v<0, w<<0}

According to 4,2° the sets L, and /V, are connected by a reflection for i = &k , By

4, 3° the functions ,, VP,, Y3 cannot have different signs at the same time, atp = (,
The sets K;and L; |J N; must therefore be determined by the inequalities

Ki={p=0,%>0, >0, >0}, L, Yy i ={9=0, $, <O

P <0, @3 << 0}

Ky={p=0 %20 $>0, >0}, L, YNy ={9p=0, $ <0

Y, <0, ¥ < 0}

Ki=49=0 20, $,>0, >0}, LyUN;={9p=0, $ <O
$, <0, v, <0}

From this it follows that K; 1 X, [} Kg=~A so that the set K, J K, ) K3 is con-
nected and defined by the conditions (4.5)

R+ +1E=0, 9=0,4%:20%>0 %0, %*+ %' + v+0
The intersection of all sets L; |J /V; is also nonempty, This implies that their union
is connected and defined by the conditions (4.6)

j12+f22+f32=0, =0, ¢ <O, P, <O, PO, P2 + P2+Ppg2 =0

Any continuous curve connecting the points of the sets (4, 5) and (4, 6) obviously inter-
sects the set I',2, This means that each of the sets (4, 5) and (4, 6) forms an orbit lying
on I',.

set I'* \\ I'}%. we shall show that this set decomposes into two connectivity com-
ponents joined by a reflection, and forms therefore a single orbit of the set I’

R+ +7iE=0, =092+ 9> +9¢=0, v+ 1"+ w0
Indeed, according to 4,1° each of the sets
i=vi=¢=0, u>0 fi=p=9=0 u<0
fi=¢i=9=0, v<0 fi=¢i=¢=0, v>0
hi=vi=9@=0, w > 0; fi==¢=0, w<0
is connected, When the conditions ¥; = Y, = Pz = 0 hold, only the following com-
binations of signs are possible s
>0, v<<0, w>0, ul4v*+4uw?=0

or

u<<0, v>0, w<0, u?+v24uw?=0
This implies that the set I',* \ T';® decomposes into two connected sets
fi=Pi=9=0, u>0, v<0, w>0, u*+vitu?=0
fi;¢i=¢=0, <0, v>0, w<0, W+ vi+u*=0
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joined by a reflection,
Set I',3 consists of a single point, it forms a unique orbit,
Set I',% (¢, == 0). We shall distinguish two cases, ¢, <<0 and ¢, > 0.
(1) For ¢g << 0 we have w 5= 0 and the equations
¢ =0, 0,2 + dow = cof?
have a unique solution in ¥ and’ v

pe= T v0s? - u;?,i -+ 610503 3 p = coflj”—els

According to 4,1° and 4,2° we have two connected sets defined on the set I';% by
the conditions w > 0 and w <C () respectively and joined by a reflection,

(2) For ¢q > O we have 0,2 + 4vw > 0.

since £, ¢, = + V8.2 + 4uw and the set 6,2 + 4w > 0 is connected, the
set I';% decomposes for ¢, > () into two connected subsets (corresponding to the condi-
tions f, > 0 and f, << 0) joined by a reflection, Thus for any real value of ¢, the set
T,% (c, 5=0) defines an orbit belonging to I';.

‘set Ty \ TI,2? is defined by the conditions

% =% = %3 =0, (P=01Q=01 u2+vz+w2=)é’0"pi=0

and forms a unique orbit of I',. This can be proved in the manner analogous to that used
for T3 \ T3

set I';? defined by the conditions y =v=w =0, =0, =0, =0 is obviously
connected, hence it defines a unique orbit of I,,

5. Adjacency diagram, Let Pz = I';*!\ I';* and let H be the connec-
tivity component of the subspace P*in R. Then H is closed on P%. We have

H=H,, =0T\ =@\ NI =H\T

From this it follows that & \ H (C I'®. Consequently the group G corresponding to
the orbit H C P* (T I';*! is adjacent to those groups, whose orbits belong to the
invariant manifold I';*. This fact is used to determine the adjacency in the groups
G, ..., G® and partly in the groups of the continuous series, In addition, the orbits
corresponding to the groups of the continuous series include the segments of the boundary
defined in R by the intersection
LNL={+f+H=0 ¢=0}

and this forms the condition of adjacency of the groups of the continuous series to the
groups G®and G®of the finite series,

In Sect, 4 all orbits are defined in terms of the algebraic inequalities. Letuse. g,
verify the closure of the orbit M3 C I',\I}! on the subspace I';\T',! using its definition

(4.3) P2 — Prbs < 0 B <0, ¥ <0, ¢2 >0

(the closure of the remaining orbits is obvious), For this it is sufficient to show that
none of these inequalities can become an equality while the rest of them remain ine-
qualities, Suppose that ¥, = 0. Then ;2 — P, s > 0. If 2 — P, = 0 and ¢ == 0,
then by 4,3° w=0 and ¥,>0. Consequently the equalities 1 =0 and P2 — P, = 0
must hold simulfaneously. But then the relation @* = ¥y ;2 > 0 implies that Ps > 0.
Consequently the equalities ; = P53 = P2 — P2 = 0 must hold simulteneously and
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this implies that ¢ = 0,the latter defining the invariant manifold ;.

The author thanks E, E, Shnol' and the participants of a seminar directed by D, P, Zhe-
lobenko and A, I, Shtern for discussion on the results of this paper, and F, A, Berezin and
A, A, Kirillov for useful comments,
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ON CERTAIN DIMENSION PROPERTIES OF A CONTROL

STABILIZING A MECHANICAL SYSTEM

PMM Vol, 35, N2, 1971, pp,290-299
L. K, LILOV
(Sofia)
(Received July 9, 1970)

The problem of determining the smallest number of controls stabilizing the equilibrium
position of a mechanical system is investigated, Necessary and sufficient conditions are
established under which stabilization of the equilibrium position is possible with a con-
trol of minimal dimension, and this dimension is determined. The influence of gyrosco-
pic and dissipative forces on the dimensfon of the stabilizing control is studied comple-
tely for a linear approximation of the system being considered, Necessary conditions
are found under which stabilization is possible by forces which depend only on the velo-
city,

1, We consider a controlled conservative mechanical system with n degrees of free-~
dom, whose motion is described by the Lagrange equations
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